Nonparaxial propagation of ultrashort, high-power laser pulses in plasma channels is examined. In the adiabatic limit, pulse energy conservation, nonlinear group velocity, damped betatron oscillations, self-steepening, self-phase modulation, and shock formation are analyzed. In the nonadiabatic limit, the coupling of forward Raman scattering (FRS) and the self-modulation instability (SMI) is analyzed and growth rates are derived, including regimes of reduced growth. The SMI is found to dominate FRS in most regimes of interest. [1, 7, 8] .
Guiding of intense laser pulses in plasma channels [1] is beneficial to various applications, including harmonic generation [2] , x-ray lasers [3] , advanced laser-fusion schemes [4] , and plasma-based accelerators [5] . A laser pulse in vacuum diffracts after a distance on the order of a Rayleigh length Z R pr 2 0 ͞l, where r 0 is the spot size at focus, l 2pc͞v, and v is the frequency. A preformed plasma density channel can prevent diffraction, e.g., a channel with a radially parabolic density profile n͑r͒ n 0 1 Dnr 2 ͞r 2 0
can guide a laser pulse of spot size r 0 provided Dn Dn c , where Dn c 1͞pr e r 2 0 is the critical channel depth and r e e 2 ͞m e c 2 [6] . Plasma channels have been created experimentally by various methods and have been used to guide laser pulses over distances &100Z R [1, 7, 8] .
Conventional theories of intense, finite-radius pulse propagation in plasmas have assumed the paraxial approximation (PA) [1] , which assumes a fixed group velocity and neglects many important finite pulse length effects. In the PA, axial transport of energy within the pulse is not permitted. Hence the PA is incapable of describing many phenomena, e.g., forward Raman scattering (FRS) [9, 10] , in which intensity modulations arise from an axial transport of energy. The PA does describe the self-modulation instability (SMI) [5, 11, 12] , i.e., intensity modulations from a radial transport of energy. There has been debate within the community [5, [9] [10] [11] [12] [13] as to which of these instabilities is responsible for intense pulse modulation observed in experiments [13] . A comprehensive theory of FRS and SMI is currently lacking.
In this Letter, a nonlinear theory of nonparaxial pulse propagation is derived that is valid for ultrashort, high-power P # P c pulses in plasmas with or without a parabolic channel. Here P c ͓GW͔ 17͑l p ͞l͒ 2 is the critical power for relativistic self-focusing [1] , l p 2pc͞v p , and v p ck p ͑4pn 0 e 2 ͞m e ͒ 1͞2 is the plasma frequency. This theory is first used to analyze pulse propagation in the adiabatic limit, e.g., pulse energy conservation, nonlinear group velocity, damped betatron oscillations, pulse self-steepening, self-phase modulation, and shock formation. In the adiabatic limit the plasma response reduces to a standard third-order nonlinearity in the field. Hence, the adiabatic wave equation typifies a general class of problems in nonlinear media. In the nonadiabatic limit, which includes time dependent coupling to plasma waves, instabilities are analyzed. The explicit coupling and interplay between SMI and FRS are clearly delineated, and analytic expressions for the growth rates are derived, including regimes of reduced growth. The SMI is found to dominate FRS in most regimes of interest.
The wave equation for the transverse component of the normalized vector potential a Ќ eA Ќ ͞m e c 2 of the laser field, in terms of the independent variables z z 2 b g0 ct and z, is [ 
For an underdense plasma g 22 g0 ø 1, and the ≠ 2 ͞≠z ≠z term 0031-9007͞00͞84 (14)͞3081 (4)$15.00
dominates. At high densities (e.g., k p ͞k ϳ 1), the ≠ 2 ͞≠z 2 term dominates, as in conventional nonlinear optics. In Eq. (1), the term 2≠ 2 ͞≠z ≠z represents the leadingorder correction to the paraxial wave equation. It proves convenient to further approximate this operator by using the paraxial expression for the operator ≠͞≠z, i.e., ≠â͞≠z Ӎ ͑2i͞2k͒ ͑K 2 2 = 2 Ќ ͒â. Using this approximation in the term 2≠ 2 ͞≠z ≠z, Eq. (1) becomes µ
The second and third terms on the right represent the lowest order (first order in 1͞kL) contributions of 2≠ 2â ͞≠z ≠z. Equation (2) can be solved using the source-dependent expansion method [1, 11] , whereinâ is expanded in a series of Laguerre-Gaussian source-dependent modes,â P mâm L m ͑x͒ exp͓2͑1 2 ia͒x͞2͔, where m 0, 1, 2, . . . ,â m ͑z , z͒ is the complex amplitude, x 2r 2 ͞r 2 s , r s ͑z , z͒ is the spot size, a͑z , z͒ is related to the curvature, L m ͑x͒ is a Laguerre polynomial of order m, and axisymmetry has been assumed, i.e.,â â͑r, z , z͒. Assuming thatâ is adequately described by the lowest order mode ͑m 0͒, the evolution of the real parameters r s , a, a r , and u, whereâ 0 a r exp͑iu͒, is given by
where ᠨ Q ≠Q͞≠z (for a function Q), and the subscripts R and I denote the real and imaginary parts. Also, ͑G, H͒ P ͑G, H͒ j with j a, b, and c,
where
, and z 0 is chosen before the pulse ͑z # z 0 ͒. Notice that Eqs. (3) and (4) imply ≠P͞≠z 2PG I . When Q 0 0, Eqs. (3)- (12) reduce to paraxial limit [1] and H G 0 describes paraxial vacuum diffraction of a Gaussian beam.
Consider the adiabatic limit in which the pulse length is long compared to the plasma wavelength ͑k 2 p L 2 ¿ 1͒ and coupling to the plasma wave (e.g., FRS) is neglected, i.e., dr Ӎ 2â 2 ͞2. The wave equation then contains a cubic nonlinearity. In this limit, Eqs. (11) and (12) 
Furthermore, the total pulse energy W R dzP is conserved, i.e., ≠W ͞≠z 0. This is not true for the general nonadiabatic case, since pulse energy is lost to the generation of plasma waves.
In the low power ͑P ø 1͒ adiabatic limit with D c 1, r s r 0 1 dr, and a da (where dQ͞Q ϳP), we obtain db g Ӎ 3P͞k 2 r 2 0 , and the power evolution is given byP f͑z 2 6Pz͞k 2 r 2 0 ͒ where f is a function, e.g., f͑z ͒ P 0 exp͑22z 2 ͞L 2 ͒ for a Gaussian with a peak powerP 0 . This describes self-steepening of the pulse power profile; i.e., the higher the local power, the higher the local group velocity, db g , and power is shifted forward within the pulse. The pulse peak moves at a velocity b peak b g0 1 db peak with db peak 6P 0 ͞k 2 r 2 0 . In the absence of dispersive pulse broadening [from the term g 22 g0 ≠ 2 ͞≠z 2 in Eq. (1)], steepening continues until a shock is formed ͑≠P͞≠z !`͒. For a Gaussian f͑z ͒, shock formation occurs after a distance z Z S , where Z S ͑e 1͞2 ͞6͒kLZ R ͞P 0 . Spot size evolution in the low-power adiabatic limit can be examined by perturbing about the zero-power, matchedpulse equilibrium with D c 1, i.e., r s r 0 1 dr s , a da, a r a r0 ͑z ͒ 1 da r , etc. In particular, Eqs. (3) and (5) 
For the initial conditions dr s dr 0 , dr
R is the betatron wave number, and Z b kLZ R ͞2 is the betatron damping distance. In the linear limit ͑P 0͒, Eq. (15) describes damped betatron oscillations of a pulse mismatched ͑dr 0 fi 0͒ in a channel [14] . Asymptotically, these oscillations damp via dr s ϳ exp͑2z 2 ͞Z 2 b ͒ for fixed z , with a head-tail asymmetry. For finite powers, however, betatron oscillations arise even when dr 0 0, only now with an enhanced damping rate, i.e., exp͑23z 2 ͞Z 2 b ͒. This is the case since a pulse withP 0 . 0 is no longer matched when r s r 0 in a channel with D c 1. Recall that paraxial theory [1] gives a matching condition r Numerical solutions to Eqs. (3)- (12) in Fig. 1 near the (a) front z L, (b) center z 0, and (c) back z 2L of the pulse. The numerical (solid curve) and analytical (dashed curve), Eq. (15), solutions show good agreement in Figs. 1(a) and 1(b) . At the back of the pulse, discrepancies arise, e.g., a nonlinear betatron wave number shift; however, excellent agreement is obtained for smallerP 0 . Self-steepening of the power profileP͑z ͒ is shown in Fig. 2 at z 0 (solid curve), z 20Z R (dashed curve), and z 40Z R (dotted curve). The velocity of the peak is in good agreement with theory ͑db peak 2.7 3 10 24 ͒, as is the position of shock formation Z s 0.55Z b ͞P 48Z R 1.5 cm. The evolution of the intensity profile a 2 r ͑z , z͒ is shown in Fig. 3 with the effects of the damped betatron oscillations and self-steepening clearly evident.
A recent paper [15] has proposed using the quasiparaxial approximation (QPA) to analyze the adiabatic limit, in which the ≠͞≠z term in Eq. (1) is replaced by a term proportional to z . We note that in the QPA the pulse energy increases via W Ӎ W 0 exp͑z 2 ͞2Z 2 b ͒, hence, to approximately conserve energy, the QPA is restricted to z ø Z b . Also, we find no evidence for the "enhanced" self-focusing discussed in [15] .
Laser-plasma instabilities of finite-radius pulses (as opposed to plane waves) can be examined using the full equations, Eqs. (3)- (12), including coupling to the plasma wave, as in FRS and SMI. Analytically, this is done by expanding Eqs. (3)- (12) about the optically guided, matched-beam equilibrium given by r s r 0 , a r a 0 , a 0, and u 0 0, where a 0 and r 0 are constants (a flattop axial profile) and D c 1P 1 is assumed. Letting Q Q 0 1 dQ and dQ dQ exp͑ik p z ͒ with j≠dQ͞≠z j ø jk p dQj (modes resonant with the plasma wave) give
Notice that L 1 dr 0 describes conventional 1D FRS [9, 10] and L 2 dr 0 describes conventional 2D SMI [11, 12] . In general, Eq. (16) As an example, consider parameters relevant to recent experiments on self-modulated laser wakefield acceleration [13] : l 1 mm, L 100 mm (400 fs FWHM), l p 10 mm ͑n 0 ϳ 10 19 cm 23 ͒, D c 0, P Ӎ P c Ӎ 2 TW, and a plasma of length 25Z R ϳ 2 mm. Near the end of the pulse, jz j L, FRS can occur in the long-pulse regime ifẑ øk (with e , 1) gives N e Ӎ 1.3e, i.e., FRS will not undergo significant growth. On the other hand, near the front of the pulse jz j L͞4, SMI will reach saturation in the intermediate regime, e.g., N e Ӎ 12 after z 5Z R . In summary, a nonlinear theory of finite-radius pulse propagation has been developed that includes finite pulse length and group velocity effects. In the adiabatic limit, effects such as the nonlinear group velocity, damped betatron oscillations, and self-steepening were analyzed. In the nonadiabatic limit, the nonlinear coupling of FRS and SMI was described and asymptotic growth rates were derived in various regimes. For sub-ps pulses, SMI dominates in typical regimes. The validity of this theory has been restricted to underdense plasmas ͑k p ͞k ø 1͒ with z , Z S , but these constraints can be relaxed by a straightforward extension of this theory to include the g 
